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Introduction

OR the past several years there has existed a tripartite

program directed toward examining, both in simulation
and experiment, the dynamics of free-fall weapons. This
program was a cooperative effort among laboratories in the
United Kingdom, Australia, and the United States.! One par-
ticularly interesting aspect of the program was that it required
a systematic examination of current theories of free-fall
weapon stability.

Linear Exterior Ballistics

The formulation of the linear exterior ballistics of free-fall
weapons is the product of many minds working over more
than half a century. Two workers, Nicolaides> and Murphy, ?
deserve particular mention for their efforts in bringing linear
theory to its present state of application. Their papers should
be consulted for detailed derivations.

A free-fall weapon is acted upon by a force, F, and a
moment, M. It can be shown that Newton’s second law relates
this applied load and load distribution to vectoral changes in
linear and angular momenta. In component form the force
and moment equations become

X=m[u+qw—ur] (1a)
Y=mV,[B+r] (1b)
Z=mV,l&—q] (1¢)

L=I,p (1d
M=1I7[q+upr] (1e)
N=I;{F—-vpq] : (1n

where {X,Y,Z} and {L,M,N} are the components of force
and moment along and about the body fixed {x,y,z} axis
frame. o and 8 are the angles of attack and sideslip while
{p.q.r} are the components of the angular velocity along the
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{x,y,z} axes. Iy, I,, and m are the transverse and axial
moments of inertia and body mass.

Because a free-fall weapon usually has 90 deg rotational
symmetry, it is possible to combine the force and moment
equations as

Y+iZ=mV,[B+r+ic—igl=mV,[§—i Q] (2a)
M+ iN=1I7[q+ir+vpr—ivgr] =1 [Q—ivdp) (2b)

where £=ix+f and Q=g +ir. In coefficient form Egs. (2)
may be written as

os

—i0=
s mV,

[C,+iC.] : (3a)

- Sd

t-itp=221C, +iC,] (3b)
Ir

A further consequence of 90 deg rotational symmetry is

equality of parameters of yaw and pitch motion. For sym-
metric and asymmetric loads this equality may be expressed as

Symmetric Loads Asymmetric Loads

CYK; =Cz =Cpn, C,), = +Cn osinpt
Cy,,=Cz,,=Cn,, Cz,=—Cn,=—Cn,bcospt
Chn, =Chy=Cp, Cy,, =XCh; bcospt
Cny=Cn,=Cu, C,, =XCy,sinpt

Cy = —~Cuy =Ci,

Cup=Ci, =Coy,

where 6, for a statically stable body, is usually associated with
fin cant. Using the above relationships in Egs. (2) gives,

E+ipl=— (V/d) [CRE+iICk,, (pd/2V)E+iCk, 8" ]  (42)

Q—ipQ=K7?(V/2)?[ ~iCly, E+Ch, (gz)

—iC, (fd/Z V) + C*Mpa (pd/2VYE+ ixCy, Se'™ ] (4b)
where the asterisk (*) indicates coefficients multiplied by the
relative density term pSd/2m, S being the reference area and d
the reference length.

Equations (4) may be solved simultaneously while ne-
glecting the product of starred terms, to give

g 3 s ipt
where £+ N E+NE=Nje )

Ny= = (V/d){Cx, +K7?(Cly, +Chy ) +i(pd/2V)
[K7°Cly, +Ch, +20]) (6a)
Ny= (V/d)?{ ~2K72CYy_ + (pd/2V)

[2ivCk, —2iK7°C}y 1) ., (6b)

N;=(V/d)?{2i(pd/2V) (I-v)Cx, —21(;2)?0’,9(5 }6, (6¢)
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Equation (5) may be solved to give:
é’zK”e()\,;-%-iwn)/+er(>\,)+iwp)/+Kleip/ ’ (7)
where

Nap=(V/2d)(CY (1F7)

+ K7 (Ciy, +Cir,) (17) £2K72/vrCly (82)
wnp= (V/2d) (2(pd/2VYv(1 % 1/7) } 8b)
2 ; s - *
k= /D 12ipds20) (1—v')CNL—2KTZXMCNé 1 5o
[l(p—wn) _)\n] [I(p‘wp) ")\/;]

_ 1 (pd/2V)2 (v2)

7= % §= 2 ©)
(1—1/5) K72Ci.

and where the subscripts # and p refer to nutational and
precessional frequencies.

In Eq. (5) the indépendent variable is time ¢ It has been
assumed that the coefficients N,, N,, and N; are constant and
that the airspeed ¥ and spin rate p are invariant during the in-
tegration process to arrive at Eq. (7). Since any free-fall
weapon must evidence drag, ignoring velocity magnitude
- changes must be regarded as a simplifying assumption. Such
an assumption is part of Nicolaides’ work;? Murphy, on the
other hand, includes drag and arrives at a constant-coefficient
differential equation using arc length as the independent
variable.?

Weapon Stability

By means of a simple diagram it is possible to illustrate the
regions of stability and instability from which relevant design
criteria may be established for a free-fall weapon with fixed-
cruciform stabilizers of equal panel area. Figure 1 presents a
plot of two of the most important parameters in free-fall
weapon design, the reduced frequency p vs reduced pitch rate
g ,

Under conditions of steady spin, p=0, the reduced spin
rate, p=pd/2V, may be written as :

p=Cy8/Cy, (10)

where Ci5, Cy, and 6 are the roll-driving moment derivative
due to fin cant, the roll damping moment derivative, and the
fin cant angle, respectively. The pitch frequency w, follows
from Eq. (8b) withp=0and w, =w, =u,, as

C. oV’Sd
I ML i1
Ve 2KZmd? (b

where K 7 is the radius of gyration or (I7/md?) . Assuming
the weapon to be a solid cylinder of fineness ratio fg, it
follows that
Chn, =~ (4/7r)(7}52CN(X /R

m=p,Sdfy

Ki=f%3/12
where p, is body density, b is the span of the tail surfaces, and
¢r the distance from the weapon c¢.g. to the aerodynamic cen-

ter of the tail, both in calibers. Now defining the natural pitch
frequency as &, =w,d/2V, Eq. (11) may be written as

@, = 16/m)0rb? (CL_/R) (0/0,)f571" (12).

It is of interest to look at upper bounds on both p and &,,. The
reduced spin rate would obviously be limited by fin stall, an
effect not accounted for in the formulation of Eq. (10).
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However, well within the bound of small fin-cant angles (less
than 4 deg) the aerodynamic (Magnus) and yaw-pitch inertial
coupling put a practical upper limit on p.

Stability in nutation and precession depends upon

Nup<0 - (13)
Now Eq. (8a) can be simplified omitting the force term Cy,
and restricting attention to large values of spin rate p, Eq. (9)
thus becomes

r=1+(1/2s) =1—(2/v?) (&,/D)

where v is the inertia ratio I,/I7 and C¥y, = —4&2K%. Using
the above expression, Eq. (8a) becomes in the limit as p— oo,

—<V> {K‘z c; (&) ki Cx } 14

)\n"‘ a T ( /nq+ Md)",’""T Mo ( a)
VN( 2K

)\p=(2>{-— . CMpa} (14b)

According to Eq. (13), A,, must be negative. Since
Cir, +Ciy, is always negative, stability depends upon the sign
of the Magnus derivative Ct,,,- If Ciy,, is negative, then
nutational stability depends upon the relﬂative magnitudes of
Ci1pe/v. Now Chr, +Clyy is usually one to two orders of
magnitude greater than Ch,,, but 1/v is between 10 and 30.
Thus, it is possible to have a nutational instability for a
positive Magnus moment. Clearly, for a negative Magnus
moment, the vehicle is always unstable in precession. Thus at
high spin rates an instability (Magnus) is likely. Further, ac-
cording to Egs. (14) this instability is independent of C},, and
hence {through Eq. (11)] independent of &,,.

Returning to Eq. (12), it is clear that there is an upper
bound to &, and one that is independent of p. Clearly
operational and stowage requirements severely limit tail
length #, body density p,, and tail panel design 6, Cy I and
AR. Regions A and B in Fig. 1 represent forbidden spin and
pitch frequency areas.

A further consideration in weapon dynamics is the avoidan-
ce of spin-yaw resonance. The possible occurrence of a
resonance condition (a large increase in angle of attack) may
be seen from Eq. (8c). Apparently the trim term K7 of Eq. (7)
reaches a maximum when Ip—w,| and |p—w,! are zero. The
K term would be singular if no damping were present, i.e., if
N, WETE ZETO.

Defining &, , as w, ,(d/2V), it follows from Egs. (8b) and
(9) that

&a=(Pu/2Y (1= (1/7) = (Pv/2) £ [ (Pv/2)° + 5,21 " ‘(15)

where it has been recognized that s= — (puv/2)?/&2. Since
resonance is incipient. when p=&,, and since v=0(0.1) and
&, >pv/2, it can be seen that &, is of a sign opposite to &,,.
Thus p can only equal &,, and so resonance occurs when

Plog=(1—v) “=1+v/2=1 (16)

Thus region C in Fig. 1 isolates the resonance condition when
the spin and pitch frequencies are equal or nearly equal.
Regions A, B, and C have been identified from arguments
based upon linear analysis (low angles of attack). Region D,
on the other hand, is associated with flight behavior where
nonlinear acrodynamics predominate (high angles of attack).
Two aerodynamic phenomena characterize the motion of a
fin-stabilized weapon in region D. One is concerned with the
onset of fin stall, the other with aerodynamic cross-coupling
effects caused by pitch-induced rolling moments and side
moments (moments acting in a plane normal to the pitch
plane). As the static stability of a weapon is reduced, the am-
plitude of its response to a specific disturbance tends to in-
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Fig. 1 Stability and design boundaries.
crease. This effect gives region D its ‘‘top-hat’’ appearance,
with a wider region of instability occurring for the lower
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values of pitch rate. Clearly the shape and location of region
D are not determined solely by weapon characteristics, but are
significantly influenced by the nature and severity of the
initial release disturbance. The so-called ‘‘catastrophic yaw
search’ is discussed at length in the summary report. !

Two regions of stable flight exist, shown in Fig. 1: a region
E where the pitch rate is always higher than the roll rate and a
region F- where the converse is true. Again, the summary
report’ describes conditions at the lower left-hand corner of
the diagram where regions E and F come together: fin align-
ments must be controlied to progressively smaller tolerances if
the resonance region C is to be avoided.
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